The vortex electromagnetic (EM) wave carrying orbital angular momentum (OAM) has been introduced in radar imaging to take full advantage of its special phase front. It has been demonstrated that the azimuthal and range resolution are decided by the number of OAM mode and frequency bandwidth respectively. In this paper, theelevation resolution of the vortex wave transmitted by a uniform circular array is derived for the first time through the calculation of correlation function of two closely adjacent points. Since large number of OAM modes should be applied to achieve high-resolution image, which is difficult to realize in practice, the sparse Bayesian learning (SBL) is introduced to reconstruct the targets for 2-D EM vortex imaging. Simulation results show that the targets located at different elevation angle can be reconstructed correctly and higher resolution can be achieved based on the SBL reconstruction algorithm.
I. INTRODUCTION
The electromagnetic wave carrying orbital angular momentum has attracted much attention for its particular helical phase front in recent years. Since Allen et al. [1] found that the light beams could carry orbital angular momentum as well as spin angular momentum in 1992, and Thidé et al. [2] pointed out that low-frequency radio wave carrying OAM has a similar phase structure as that in optics, much research have been done to the generation and application of OAM in radio wave. Up to now, various methods have been proposed to generate vortex waves [3] - [12] , which fall into three categories: phase controlled antenna array; reflected phase plate and transmitted phase plate. But the later two are difficult to generate numerous OAM mode by a single plate. Phase controlled antenna array, such as uniform circular array (UCA) [3] , [9] is widely used to generate multiple OAM modes by changing the phase of each unit properly.
The electromagnetic vortex wave has been successfully applied in communication system to improve channel capacity for the orthogonality of different OAM modes [7] , [8] , [13] - [15] . In radar imaging, Hu et al. proposed the idea that The associate editor coordinating the review of this manuscript and approving it for publication was Bora Onat. the electromagnetic vortex wave has the potential to image the radar target in 2013 [9] , and then Liu et al. [16] , [18] validated the ability of azimuthal resolution using OAM modulation, and pointed out that range resolution is correlated to the bandwidth, and it has been realized based on UCA through the method of FFT. However, the elevation angle is included in Bessel function which act as an amplitude modulation in the echo. Thus it can not be figured out directly through FFT.
In this paper, the correlation function of two closely adjacent scattering points with a same azimuthal angle and different elevation angle is calculated then the elevation resolution is derived by changing the difference value gradually, the two points can be separated when the correlation function falls small enough. In order to reconstruct the profile of the targets, fast Fourier transform (FFT) is always used, but numerous OAM modes is needed. To take full advantage of the orthogonality of different OAM modes and achieve super resolution, sparse recovery theory [20] , [21] is introduced and the elevation angle of the target can be reconstructed with few OAM modes.
The remainder of the paper is organized as follows. Section II analyzes the elevation resolution and demonstrate that 2D imaging can be achieved using UCA at single frequency. In section III SBL-based reconstruction algorithm is introduced to achieve high resolution of 2D imaging, numerical results are presented to verify the proposed method. A brief conclusion is given in section IV.
II. THEORY AND FORMULATION A. ELEVATION RESOLUTION OF UCA BASED EM VORTEX IMAGING
In the simulation of this paper, electromagnetic vortex wave is generated in a simple way by a phase modulated uniform circular antenna array at single frequency and a single antenna is used to receive the echo of the targets (MISO-mode) [16] . It should be noted that the theoretical derivation is based on an ideal scenario. The phase of each element is gradually increased by 2π α/N to generate a certain OAM mode α, when the number of the element N is large enough, the received signal of q ideal scattering points is given by [16] S α (r) = − jµ 0 ωd 2 Ne −iαπ/2 4π q n=1 σ n e i2kr n r 2 n e iαϕ n J α (ka sin θ n )
where σ n is the scattering coefficient of the nth point, and (r n , θ n , ϕ n ) represents its location. The radius of the UCA is a. For simplicity, (1) can be normalized as S α (r) = q n=1σ n e i2kr n r 2 n e iαϕ n J α (ka sin θ n )
in whichσ n is the normalized scattering coefficient. The phase distribution and radiation pattern of an ideal UCA with a radius of 0.15m at 10GHz for four OAM modes are shown in Fig. 2 . According to [23] , the radiation pattern can be reflected by the square Bessel function. In contrast to the traditional plane wave, the phases of the scattering points with a same elevation angle and different azimuth angle are different when illuminated by EM vortex waves. And the phase difference is related to the OAM mode. Therefore, the scattering points located at different azimuth angles can be separated using several OAM modes. On the other hand, as we can see from Fig. 2 (e), the elevation direction where the main lobe point to are also associated with the OAM mode, which indicate that the elevation angle of the scattering points may be reconstructed using several OAM modes. Assume that two ideal scattering points are located at P 1 (r,θ ,ϕ) and P 2 (r,θ + θ ,ϕ), withσ 1 =σ 2 = 1, and illuminated by the EM vortex wave. The correlation function of the echoes of the two points is
where A = e i2kr /r 2 . In this paper, the frequency is assumed to be constant, so that range solution is not considered, the distance of the scattering points are supposed to be the same in the following. The magnitude of g( θ ) will decrease if θ is gradually increased so that the two points can just be distinguished when g( θ ) is small enough.
With the property of Bessel function
in which the correlation function (3) can be written as
Generally, when the magnitude of g( θ ) falls to 0.5(3dB) of the magnitude g(0), the two points can just be separated. Thus if we set g( θ ) to 0.5A 2 , which means J 0 = 0.5, from the curve of the zero-order Bessel function in Fig. 3 we get
then (7) goes to
where D = 2a is the aperture of UCA.
It should be noted that considering the practical application in radar imaging, a more general condition is that J 0 = 0.5γ when the two points can just be separated with γ ≈1. For simplicity, γ is taken as 1 in the following derivation.
Based on the property of
and (8) goes to
As the elevation angle of the second point may be lager or smaller than the reference point, and with θ ≈ 0, the elevation resolution can be represented as
Equation (12) indicates that the elevation resolution is closely related to the aperture of UCA and the elevation angle of the target, the normalized correlation function of the echo from two adjacent scattering points is computed in the following. The radius of the UCA used to generate EM vortex wave is 0.15m and the frequency is 10 GHz. A reference scattering point is set as θ = 10, 30, 50 degree, ϕ = 0 degree separately, and the adjacent point is at θ + θ, ϕ = 0 degree. The calculated normalized correlation function of (6) with the elevation angle at 10degree, 30degree, 50degree is shown in Fig. 4(a) , the main-lobe width becomes larger with the increase of elevation angle, which is consistent with (12) .
Similarly, the elevation resolution for MIMO mode [16] can also be analyzed through the same method above. However, analytic expression can not be derived since no correlate property found for square Bessel function. The normalized correlated function of two closely scattering points for MIMO mode is computed and shown in Fig. 4 (b). As we can see from Fig. 4(b) , the elevation resolution at MIMO mode is inferior to MISO mode, so we choose MISO mode in 2D imaging to reconstruct the targets in this paper.
B. AZIMUTHAL RESOLUTION OF UCA BASED EM VORTEX IMAGING
The azimuthal resolution has been proved to be depended on the number of OAM mode [16] , it can also be derived through calculating the correlation function of the echo from two scattering points with a same elevation angle and different azimuthal angle. Through a similar deduction as in section A, the azimuthal resolution for MISO mode is
The correlation function of the two adjacent scattering points is computed where a reference scattering point is set as θ = 10, 30, 50 degree, ϕ = 0 degree, and the adjacent point is at θ, ϕ = 0 + ϕ. As we can see from Fig. 5 , the azimuthal resolution becomes better at larger elevation angle, which is coincident with (13) . It seems that the azimuthal resolution derived above is only correlated with the aperture of the antenna and elevation angle of the target while has no relation with the number of OAM mode. However, it does not in contradiction to the present theory [16] 
Actually, the number of effective vortex mode that a given UCA can generate is limited by its aperture [17] α max ≈ ka sin θ
Equation (15) is obtained from [17] which is about estimating the directions of the arrival plane wave. In section II of [17] , phase mode excitation for continuous circular array is analyzed firstly, where the circular array is excited constant in amplitude but with phase varying linearly along the azimuth angle. For the mth phase mode, the total phase change is 2mπ which is the same as the excitation of generating the mth-order OAM mode. Then the highest order mode that can be generated is given ζ = kasinθ , and its maximum value ζ max = ka, when θ = π /2.
Equation (15) can be further proved in a simple way. If θ = 0, (6) can be simplified as
and then
It is clear that J 0 (0) = 1, the summation at the right side equals to 1 if all the effective mode are used. An approximate formation can be written as
The curves of the summation result with the change of the maximum value α max used in (18) for different elevation angle are shown in Fig. 6 . The summations approximate to 1 when α max reach a certain value, so that higher mode can be neglected. The summations for α max = kasinθ are listed in table 1 whose value are pretty close to 1, which testify the reliability of (15) .
If all of the effective mode are used, (14) can be written as
Equation (19) indicate that although the azimuthal resolution is correlated with the number of OAM mode used in radar imaging, it can not be infinitely small since the effective mode is finite for a certain antenna.
It can also conclude that 2D imaging can be achieved. The 2-D PSF is the reconstructed image of an ideal scattering point target [22] and is also considered as a criterion for the resolution. The back-projection method [22] is used to reconstruct an ideal scattering point at different elevation angle as the 2-D PSF. Three experimental results are shown in Fig. 7(a) -(c). The 3dB main-lobe width(MLW) are listed in table 2. As we can see, the elevation resolution becomes worse and the azimuth resolution becomes better which is agree with the theoretical value of (12) and (13) .
III. SBL-BASED IMAGING ALGORITHM
To reconstruct the profile of the targets, fast Fourier transform (FFT) and back-projection methods are always used, but large number of OAM mode is needed to achieve the theoretical resolution. So a more effective method is needed to achieve 2D imaging. Considering that the radar targets are usually consist of a few individual scatters at high frequency, the sparse recovery theory has been introduced in radar imaging to achieve super resolution, which can also be applied in OAM imaging to reconstruct the elevation and azimuth angle of the targets. Taking the advantage of the orthogonality of different OAM modes, high resolution can be achieved with few modes.
Assume that the imaging domain is divided into K grids, Eq. (2) can be written as 20) in which L represent the number of OAM mode, and
Each row of the measurement matrix H in (20) represents the echo from every grid at a certain mode, and each column denotes the echo from one specific grid at each OAM mode. Then the 2D imaging problem can be transformed into a sparse recovery problem. Among the numerous reconstruction algorithm, sparse Bayesian learning(SBL) has become a hotspot because it considers not only the sparse characteristics of the signals, but also the prior statistical information [24] - [26] . The SBL-based method is introduced to solve the imaging equation (20) in this paper.
The SBL is a relatively mature algorithm and has been widely used in radar imaging to achieve super resolution. Without loss of generality, the sparse signal model is usually represented as
in which s is the echo vector, H is called the measurement matrix, σ is the scattering coefficient vector, and ε is the noise vector. Considering that the radar targets are usually consist of a few individual scatters at high frequency. Large number of zero elements exist in the scattering coefficient vector σ in (20) . Suppose that ε is Gaussian noise with zero-mean and variance of τ 2 . The echo vector s obeys a Gaussian distribution of p(s|σ , τ 2 ) = (2π τ 2 ) −L/2 exp − 1 2τ 2 s − Hσ 2 (23) Based on the SBL theory, the scattering coefficient vector σ has a Gaussian prior
in which σ i is the ith element of vector σ and is controlled by the hyperparameter δ i . Then the marginalized probability density function of s can be written as
Considering the prior assumption above, the posterior probability density of σ is
where µ = τ −2 σ H T H, σ = (τ −2 H T H+ −1 ) −1 . According to [20] , the scattering coefficient vector σ takes the form of
Then the profile of the target is obtained by solving the imaging equation above.
With the SBL algorithm, numerical experiments are conducted to demonstrate the ability of the electromagnetic vortex wave based 2D imaging at single frequency. A standard UCA is used to generate OAM modes and the parameters are listed in table 3. The UCA is located at xoy-plane with its center at the origin of the coordinates. Different OAM mode can be generated by changing the feed phase of each element of the UCA, but only one OAM mode is transmitted at one time, and then switch to the next mode. The switching time can be neglected using high speed devices. And since the propagation time of light is extremely short, it can be considered that the relative position of the UCA and target remains unchanged during the transmission and receiving process. The influence of noise is not considered here.
First, assume that two scattering points are located at P 1 (θ 1 = 48 • , ϕ 1 = 16 • ), and P 2 (θ 2 = 40 • , ϕ 2 = 36 • ) and with a same range of r = 1000m, as is shown in Fig. 8(a) , whose scattering coefficient are all set as 1. The range of OAM modes applied here for SBL method is α ∈ [−10∼10]. The back-projection method with different number of OAM mode is used as a comparison. As shown in Fig. 8(b) , the two points can be distinguished clearly based on the SBL method, while from Fig. 8 (c)-(f), the back-projection method fails to reconstruct the points correctly until the range of OAM mode reach to α ∈ [−100∼100], and it means a maximum mode of 100 is needed, which is hard to realize in practice. The SBL-based method is easier to implement for 2D vortex imaging.
To further validate the advantage of the SBL method, a more complex experiment with four scattering points is conducted. Both of the four scattering points are with a same range of r = 1000m. For case 1, the scattering points are located at P 1 (θ 1 = 48 • , ϕ 1 = 16 • ), P 2 (θ 2 = 32 • , ϕ 2 = 16 • ), P 3 (θ 3 = 48 • , ϕ 3 = 36 • ), P 4 (θ 4 = 32 • , ϕ 4 = 36 • ) as is shown in Fig. 9(a) . For case 2, the scattering points are located at P 1 (θ 1 = 32 • , ϕ 1 = 16 • ), P 2 (θ 2 = 40 • , ϕ 2 = 16 • ), P 3 (θ 3 = 32 • , ϕ 3 = 24 • ), P 4 (θ 4 = 40 • , ϕ 4 = 24 • ) which is much closer to each other than case1. The UCA used in this experiment is the same as the first experiment in table 3. It can be observed in Fig. 9 that the four points can be separated correctly in both cases using SBL method. While when the scattering points get closer as in case2, the backprojection method fails to reconstruct the points correctly and false points exist in the imaging result due to the high sidelobes. Consequently, the SBL-based method can provide higher resolution.
Another experiment with ten scattering points form a ''plane'' model which is more close to real world is shown in Fig. 10(a) . The scattering points are located at P 1 (θ 1 = 44 • , ϕ 1 = 20 • ), P 2 (θ 2 = 52 • , ϕ 2 = 20 • ), P 3 (θ 3 = 60 • , ϕ 3 = 20 • ), P 4 (θ 4 = 68 • , ϕ 4 = 20 • ), P 5 (θ 5 = 56 • , ϕ 5 = 12 • ), P 6 (θ 6 = 56 • , ϕ 6 = 28 • ), P 7 (θ 7 = 52 • , ϕ 7 = 4 • ), P 8 (θ 8 = 52 • , ϕ 8 = 36 • ), P 9 (θ 9 = 40 • , ϕ 9 = 16 • ), P 10 (θ 10 = 40 • , ϕ 10 = 24 • ) and with a same range of r = 1000m. The radius of UCA is 0.6m with a frequency of 10GHz. The imaging results is shown in Fig. 10(b) , the scattering points can be reconstructed precisely. From the three experiment, we can conclude that the SBL method can achieve much higher resolution and can be extended to complex targets.
IV. CONCLUSION
In this paper, elevation resolution of the electromagnetic vortex wave based imaging is derived for the first time, demonstrating the ability of 2D imaging for single frequency. Certainly, 3D imaging can be realized with a certain frequency bandwidth, which is not considered here. MISO mode is used in this work since its elevation resolution is better than the MIMO mode. The azimuthal resolution is also analyzed and it proved to be coincident with the present theory since the maximum effective OAM mode is limited by the aperture of UCA. Considering that large number of OAM mode is needed to achieve the theoretical resolution based on the traditional imaging method. The SBL algorithm is introduced to take full advantage of the sparsity of the targets and the orthogonality of different OAM mode to reconstruct the location of the scattering points. Numerical results demonstrate that high resolution of 2D imaging can be realized for single frequency with only a few OAM mode.
